This paper aims to give a clear and comprehensive view of the relations between the various classes of MV-algebras with product operations.
Introduction
Since their first appearance in the late Fifties [6] , MV-algebras have grown to be a class of algebraic structures relevant in its own right, not only as the "standard semantics" for infinite-valued Łukasiewicz logic.
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One of the main reasons for their notable growth can be found in the categorical equivalence with Abelian lattice-ordered groups with a strong unit, as established by D. Mundici in [31] . This valuable result laid the ground for a deep investigation of the natural hierarchy of structures that arises from MV-algebra, following the analogous line that connects groups, rings and algebras.
Indeed, starting from the Nineties, expansions of MV-algebras have been defined: one can find the notion of PMV-algebras [9, 29] (MV-algebras endowed with a "ring-like" product), Riesz MV-algebras [11] (MV-algebras endowed with a scalar multiplication), f MV-algebras [21] (MV-algebras endowed with both ring-like product and scalar product), MV-modules [10] (MV-algebras endowed with the action of a PMV-algebra on them). The initial motivation came from logic: since the standard MV-algebra on [0, 1] is closed to the real product, it was natural to look for complete theories of [0, 1] endowed with Łukasiewicz operations and product operations.
The above-mentioned structures have been investigated from the point of view of their category and their variety, and relevant results have been proved in all cases: categorical equivalences with rings, vector lattices, f -algebras and lattice-ordered modules; geometrical dualities with suitable categories of polyhedra 1 ; functional representation of free algebras and normal forms theorems [23] ; a suitable probability theory through the notion of states, that extend finitely-additive probability measure on boolean algebras and proved to be the right framework for subjective probability á la De Finetti [33, 14] .
It is only natural to ask if the connections between MV-algebras and their expansions can be seen on an higher level, not only as "language expansions", in a way that could lean towards other areas of mathematics.
In this spirit, we now conclude the investigation started in [22] where, using the MV-algebraic semisimple tensor product [32] , we connect MV-algebras with Riesz MV-algebra and PMV-algebras with f MV-algebras by categorical adjunctions.
The main aim of this work is to give a clear and comprehensive picture of the relations between the aforementioned structures, and to do so with the classical construction of the tensor algebra of a vector space: indeed, inspired by this construction, in Section 2 we provide the technical tools needed in Section 3 to complete the work started in [22] .
We henceforth define the tensor PMV-algebra of an MV-algebra, and apply the same construction to Riesz MV-algebras in order to obtain an f MV-algebra.
In Section 3 we lift these results to a categorical level, proving that our construction allow to obtain two pairs of adjoint functors, connecting MV-algebra with PMV-algebra and Riesz MV-algebras with f MV-algebras. Figure 8 frames our results in the existing literature and provides the complete picture for MValgebras with products.
In Section 3.1 and Section 5 we give an example of the value of our constructions by itself, proving the amalgamation property for semisimple PMValgebras, semisimple Riesz MV-algebras and semisimple f MV-algebras and obtaining characterization of the free objects in the categories involved.
Finally, in Section 4 we transfer all results to lattice-ordered structures via categorical equivalence. In this way we obtain new properties for groups, rings, vector lattices and algebras directly from MV-algebras.
Preliminaries

An overview of MV-algebras with product and Łukasiewicz logic
In this section we provide a short overview of MV-algebras and their expansion.
Nonetheless, we urge the interested reader to consult [7, 33, 12] for an in-depth treatment.
MV-algebras are the algebraic counterpart of ∞-valued Łukasiewicz logic.
They are structures (A, ⊕, * , 0), where (A, ⊕, 0) is a commutative monoid, * is an involution and the equations (x * ⊕ y) * ⊕ y = (y * ⊕ x) * ⊕ x and a ⊕ 0 * = 0 * are satisfied for any x, y, z ∈ A. Any MV-algebra can be endowed with a lattice order and the standard model is the unit interval [0, 1] with x⊕y = min(x+y, 1) and x * = 1 − x. The variety of MV-algebras is generated by the standard model and since [0, 1] is closed to the real product, a fruitful research direction is the study of MV-algebras enriched with a product operation [9, 29, 30, 18, 11] , which can be either a binary operation or a scalar multiplication.
and β(x, −) are linear for any x ∈ A and y ∈ B. These notions allow us to define the whole algebraic hierarchy of MV-algebras with product in a uniform way, as described in Table 1 2 .
Structure Definition (P, ⊕, * , 0) MV-algebra (P, ⊕, ·, * , 0) · : P × P → P bilinear, unital and commutative
PMV algebra [9, 29] The present investigation is centred on the class of semisimple MV-algebras.
Such algebras enjoy a crucial functional representation. Indeed, they are isomorphic to a separating MV-subalgebra of [0, 1]-valued continuous functions defined over some compact Hausdorff space [7] . A PMV-algebra (Riesz MV-algebra or f MV-algebras) is semisimple if its MV-algebra reduct is semisimple 3 .
For all structures defined in Table 1 it is possible to give an equational characterization. In other words, PMV-algebra, Riesz MV-algebras and f MV-algebras are varieties, that we shall denote with PMV, RMV and FMV respectively. As for MV-algebra, RMV is generated by its standard model [0, 1], where the scalar operation coincides with the product of real numbers, while in the case of PMValgebras and f MV-algebras, the standard model generates a proper sub-class, more specifically, the class of semiprime algebras, i.e. algebras defined by the quasi-identity "x 2 = 0 implies x = 0" [18, 21] . Such quasi-varieties are denoted by P M V + in the case of PMV-algebras and F R + in the case of f MV-algebras.
The natural hierarchy of lattice-ordered structures we have introduced in Table 1 naturally reflects on the level of the logic. In [18] the logics P Ł and P Ł ′ are defined and they have PMV-algebras and PMV + -algebras respectively as models. In [11] the logical system RŁ is defined, and its models are Riesz MValgebras. Both P Ł and RŁ are conservative extensions of Łukasiewicz logic, and P Ł ′ is obtained by P Ł adding an appropriate deduction rule. Finally, in [21] one can find the logical systems F MVL and F MVL + , whose models are fMV-algebras and FR + -algebras. We remark that the former is obtained extending the union of P Ł and RŁ, while the latter extends the union of P Ł ′ and RŁ. k generated by the projection maps [16] . Moreover, they are the Lindenbaum-Tarski algebras (i.e.
equivalence classes of formulas) of the corresponding logic.
More specifically, McNaughton's theorem [28] states that the free k-generated MV-algebra is (up to isomorphism) the algebra of functions from
that are piecewise linear with integer coefficients. In other words, any element of the Lindenbaum-Tarski algebra is a continuous function and there are finitely many affine linear functions such that in any point of the domain, it coincides with one of them. A similar result holds for Riesz MV-algebras [11, Theorem 11] . In this case the free object is the algebra of functions which are piecewise linear with real coefficients. In what follows we will denote the free k-generated MV-algebra by F ree(k), while F ree R (k) denotes the free k-generated Riesz MV-algebra. In the case of PMV + -algebras and FR + -algebra the characterization of the free object in terms of piecewise functions is still open in the general case, and it is related to the long-standing Pierce Birkhoff conjecture [21] .
One fundamental result in the theory of MV-algebras is their categorical equivalence with the category of Abelian lattice-ordered groups with strong unit [31] . An ℓu-group (G, u) is an Abelian lattice-ordered group with strong unit. We refer to [2] for all unexplained notions. Any subset
, is an MV-algebra with x ⊕ y = u ∧ (x + y),
If MV is the category of MV-algebras and auG is the category of ℓu-groups equipped with morphisms that preserve the strong unit, then one defines
and (G 2 , u 2 ). The functor Γ establishes a categorical equivalence between auG and MV [31] . Moreover, through Γ, semisimple MV-algebras correspond to
Archimedean ℓu-groups. We shall denote by MV ss the full subcategory of semisimple MV-algebras and by auG a the full subcategory of Archimedean ℓu-groups.
Extending Γ, similar equivalences are proved for: PMV-algebras and a subclass of lattice-ordered rings with strong unit (unital ℓu-rings, shortly); Riesz MV-algebras and Riesz spaces (vector lattices) with strong unit; f MV-algebras and f -algebras with strong unit. The functors that give the equivalences are denoted by Γ (·) , Γ R and Γ f respectively. See [2, 3] for details on the above mentioned structure and [9, 11, 21] for details on the categorical equivalences.
In Table 3 , we set the notation of all categories of semisimple and Archimedean structures involved in this investigation. We remark that unital and semisimple PMV-algebras and f MV-algebras are commutative [1, 21] Category Objects uPMV ss unital and semisimple PMV-algebras, uR a unital and Archimedean lattice-ordered rings with strong unit,
uRS a Riesz spaces with strong unit, ufMV ss unital and semisimple f MV-algebras, fuAlg a unital and Archimedean f -algebras with strong unit. Table 3 . Categories of MV-algebras and related ℓ-structures.
There are obvious forgetful functors between the above defined categories and they commute with the Γ-type functors. A natural problem is to define appropriate left adjoints for the forgetful functors. We started this investigation in [22] , where the main tool was the semisimple tensor product of MV-algebras [32] and, in particular, its scalar extension property [22] , which will be discussed in the next subsection.
The tensor product of lattice-ordered structures
The classical construction of a tensor product has be defined for lattice-ordered structures by several authors. In [26] , the author define a ℓu-bilinear function as
γ(x, −) and γ(−, y) are homomorphisms of ℓ-groups when x and y are positive
Then the tensor product is a an ℓu-group
isomorphism, by universal property with respect to ℓ-groups [26, Theorem 3.1].
The tensor product of Archimedean ℓ-groups, denoted by ⊗ a , was defined in [5] . Note then ⊗ a is uniquely defined, up to isomorphism, by a universal property with respect to Archimedean structures.
The tensor product of MV-algebras was defined in [32] in both the general and the semisimple case. For two MV-algebras A and B, the tensor product A⊗ MV B is defined in [32] together with a universal bimorphism β A,B : A×B →
A bimorphism is a bilinear function that is ∨-preserving and ∧-preserving in each component. In [32] , the additional requirement β(1, 1) = 1 was imposed but, in the present approach, we eliminate this restriction. We shall also use in the sequel a slightly modified universal property of the MV-algebraic tensor product [19] . To state it, we need the notion of interval algebra.
[0, a] = {x ∈ A | 0 ≤ x ≤ a} and the operations are defined by x⊕ a y = (x⊕y)∧a,
. In the following we use the notation
For two MV-algebras A and B, let A ⊗ MV B be the tensor product and
is uniquely defined, up to isomorphism, by the following universal property:
for any MV-algebra C and for any bimorphism β : A × B → C, there is a unique homomorphism of MV-algebras ω :
For a ∈ A and b ∈ B we denote a
is generated by β A,B (A × B).
Since the class of semisimple MV-algebras is not closed to tensor products, the tensor product of semisimple MV-algebras is defined in [32] by
where Rad(A ⊗ MV B) is the intersection of the maximal ideals of A ⊗ MV B. We recall that for ⊗ an important representation by means of continuous functions. there exists compact Hausdorff spaces X, Y such that A ⊆ C(X) and B ⊆ C(Y ).
where π(a, b) is the usual product between functions.
Further properties of the semisimple tensor product of MV-algebras are proved in [22] . We summarize some of these results in the following. Proof. It is a straightforward consequence of the functional representation from [32] .
Theorem 1.2. The following hold.
1) If
A is a Riesz MV-algebra and B is a semisimple MV-algebra, A ⊗ B is a Riesz MV-algebra.
2) If A and B are unital and semisimple PMV-algebras, A ⊗ B is a unital and semisimple PMV-algebra.
3) If A is a unital and semisimple fMV-algebra and P is a unital and semisimple PMV-algebra, A ⊗ P is a unital and semisimple fMV-algebra.
are Archimedean ℓu-groups and A, B
are semisimple MV-algebras such that
Finally, in [22] the authors use the results from Theorem 1.2 to define the following functors.
• T ⊗ : MV ss → RMV ss is defined by • F ⊗ : uPMV ss → ufMV ss is defined by -for any homomorphism of PMV-algebras h :
• From ufMV ss to uPMV ss and from RMV ss to MV ss we have the usual forgetful functor U R .
Theorem 1.4. [22] (T ⊗ , U R ) and (F ⊗ , U R ) are two pairs of adjoint functors.
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By categorical equivalence, the adjunctions (T ⊗ , U R ) and (F ⊗ , U R ) naturally transfer to lattice-ordered structures [22] .
Indeed, we obtain an adjunction between auG a and uRS a , denoted by (T ⊗a , U ℓR ) and an adjunction between uR a and fuAlg a , denoted by (F ⊗a , U ℓR ). 2 The semisimple tensor PMV-algebra of a semisimple MV-algebra
As Figure 1 lacks of the adjoint functors connecting MV-algebras and PMValgebras, Riesz MV-algebras and f MV-algebras, in this section we provide the tools needed to complete it. The key ingredient will be an "MV-algebraic" version of the classical construction of the tensor algebra.
We firstly prove that the semisimple tensor product of MV-algebras is associative. We recall again that any semisimple MV-algebra is isomorphic with a subalgebra of C(X) -the MV-algebra of continuous and [0, 1]-valued functions defined on X -for a suitable compact and Hausdorff space X. Proposition 2.1. Let A, B, C be semisimple MV-algebras and X, Y, Z suitable
where · is the usual product between functions. By Theorem 1.1, (A ⊗ B) ⊗ C = f · c | f ∈ A ⊗ B, c ∈ C , the MV-algebra generated by the product of f ∈ A ⊗ B and c ∈ C. We want to prove that
We prove the other inclusion by induction on the construction of f ∈ A ⊗ B.
(ii) Let f be in A⊗B such that f ·c ∈ M . Then f * ·c = (1−f )·c = c−f ·c ∈ M by induction hypothesis.
Since we deal with subalgebras of continuous functions, it is easily seen that the product distributes over ∧, and therefore we have Definition 2.1. Let A be a semisimple MV-algebra and X the Hausdorff and compact space such that A ⊆ C(X). We define:
where ⊗ is the semisimple tensor product. By Proposition 2.1,
For any n, m ∈ N with n ≤ m we define
• ǫ n,n as the identity homomorphism on T n (A);
where by associativity
ǫ n,m is the embedding in the semisimple tensor product and ǫ m,k • ǫ n,m = ǫ n,k .
We remark that any T n (A) is semisimple by construction.
(T n (A), ǫ n,m ) is a direct system, therefore we consider the disjoint union
and we define an equivalence relation on it by
The quotient MV-algebra T (A) = n∈N T n (A) / ∼ is the direct limit of the direct system, and ǫ n,A : T n (A) → T (A) is the canonical morphism that maps each element in its equivalence class. When there is no confusion, we will denote ǫ n,A simply by ǫ n .
We will call T (A) the Tensor PMV-algebra of the MV-algebra A.
Lemma 2.1. T (A) is a semisimple MV-algebra.
Proof. Suppose that there exist an infinitesimal element x ∈ T (A). It follows that nx ≤ x * for any n ∈ N, therefore nx ⊙ x = 0 for any n ∈ N. This comes to the existence of naturals m, l, k such that x is the equivalence class of (x, m), 0 is the equivalence class of (0, l) and
This entails that ǫ m,k (x) is infinitesimal in the semisimple MV-algebra T k (A), a contradiction.
Remark 2.2. The above construction is the definition of the direct limit of a direct system in category theory, specialized to our framework. Therefore the limit (T (A), ǫ n ) enjoys the universal property [4, Chapter III, § 7.6 ]. Moreover, by [16, § 21] , ǫ m • ǫ n,m = ǫ n for any n ≤ m. That is, the following diagram is commutative.
Notation 2.1. For any a ∈ T n (A) and any b ∈ T m (A) in order to avoid confusion, we denote the bimorphism π from Theorem 1.1 by
The following lemma collects some technical properties of the maps ǫ n,m and γ n,m . All proofs rely on the functional representation of the algebras T k (A), for any semisimple MV-algebra A.
Lemma 2.2. For any n, m, k ∈ N, the following hold:
(1) γ n,m (a, 1 m ) = ǫ n,n+m (a), with a ∈ T n (A) and
that is unit function in C(X m ).
(2) ǫ n+m = ǫ m+n and ǫ n+(m+l) = ǫ (n+m)+l ; k (a, b) ).
Proof.
(1) It is straightforward by definition of γ-maps and ǫ-maps.
(2) By Proposition 2.1,
and T n+(m+k) (A) ≃ T (n+m)+k (A). Then the result is straightforward by the universal property of the direct limit.
the conclusion follows by the commutativity of the product of functions.
). Since X n+(m+k) ≃ X (n+m)+k , the conclusion follows by the associativity of the product of functions.
(5) By (1), (3) and (4) we have
Proposition 2.2. For any MV-algebra A, T (A) is a semisimple and unital
PMV-algebra.
Proof. We define the product as follows. For any x, y ∈ T (A) there exist n, m ∈ N such that x = ǫ n (a), with a ∈ T n (A) and y = ǫ m (b), with b ∈ T m (A). Then
We first need to prove that the operation is well defined. Let c ∈ T l (A) and
. This means that we can assume, without loss of generality, a = ǫ l,n (c) and
Then, applying Lemma 2.2, we get
We now prove that T (A) endowed with the product defined above is a PMValgebra. That is, we need to prove that (x, y) → x · y is bilinear, that the product is associative and 1 is the unit.
To prove bilinearity, let x 1 , x 2 , y be elements in T (A) such that
Without loss of generality, we assume that n ≤ m. Therefore,
being any map involved an homomorphism of MV-algebras. Hence, by definition of ·,
and since γ m,k is a bimorphism, b) ) and
One can prove in the same way that y · (
Associativity follows directly from Lemma 2.2 (2) and (4).
Finally, for any k ∈ N we denote by 1 and 1 k the top elements of T (A) and
Let x ∈ T (A), such that x = ǫ n (a) with a ∈ T n (A) and let m be a positive integer such that 1 = ǫ m (1 m ). We have
On the other direction follows from Lemma 2.2 (1) and (3), then T (A) is unital.
Moreover, it is a semisimple PMV-algebra since it is unital and semisimple as MV-algebra. Theorem 2.1. Let A be a semisimple MV-algebra. For any semisimple and unital PMV-algebra P and for any homomorphism of MV-algebras f : A → U (·) (P ) there exists a homomorphism of PMV-algebras f ♯ : T (A) → P such that
Proof. We define the following maps.
. Since P is a unital PMV-algebra, λ 2 is a bimorphism and λ 2 (1 A , 1 A ) = 1 P . Then there exists a homomorphism of MV-algebras λ 2 :
. λ 3 is a bimorphism and again λ 3 (1 A ⊗1 A , 1 A ) = 1 P . Then there exists a homomorphism of MV-algebras
For any n ∈ N, we get by induction a homomorphism of MV-algebras λ n :
Since they trivially coincide on generators, λ m • ǫ n,m = λ n for any n ≤ m.
We have the following situation Figure 3 . Universal property.
Since (T (A), ǫ n ) is the direct limit for (T n (A), ǫ n,m ), there exists a homomorphism of MV-algebras f : T (A) → P such that f • ǫ n = λ n , and then
Finally, the fact that f is an homomorphism of PMV-algebra is a direct consequence of [8, 17] , where the authors prove that in any Archimedean f -rings the ring structure is generated by the additive group, and therefore any homomorphism of groups for the group reduct is an homomorphism of rings. Hence the same applies for unital and semisimple PMV-algebras. Since both T (A) and P are unital and semisimple PMV-algebras the claim is settled.
Remark 2.3.
A direct proof of the fact that f is an homomorphism of PMValgebras can be found in [20] . 
Proof. It is straightforward, by Theorem 2.1 for f = ǫ 1,B • h.
In the following theorem we apply the construction of the Tensor PMValgebra to a Riesz MV-algebra.
Theorem 2.2. Let A be a semisimple Riesz MV-algebra. Then T (A) is a unital and semisimple fMV-algebra.
Proof. We recall that by Theorem 1.2, any T n (A) is a Riesz MV-algebra.
Let x ∈ T (A), then there exist n ∈ N and a ∈ T n (A) such that x = ǫ n (a). We define the scalar product on the direct limit as
It is easily seen that the operation is well defined. We shall prove that T (A) is a Riesz MV-algebra according with the equivalent definition one can find in [11,
Theorem 2].
Let x = ǫ n (a), y = ǫ m (b) and without loss of generality we assume n ≤ m, and if the partial sum is defined we get
Being any T n (A) a Riesz MV-algebra, and being any ǫ n,m an homomorphism of Riesz MV-algebras by [11, Corollary 2], we entails:
3) (α · β)x = ǫ n ((α · β)a) = ǫ n (α(βa)) = αy, with y = ǫ n (βa) and y = ǫ n (βa) = βx.
Hence, T (A) is a unital PMV-algebra and a Riesz MV-algebra. Moreover, it satisfies the associativity law between products again by the functional representation:
In the same way we prove that α(x · y) = x · (αy). Hence T (A) is a unital and semisimple f MV-algebra.
Theorem 2.3. If A is a unital and semisimple PMV-algebra, then A ≃ T (A).
Proof. We will show that ǫ 1 gives the desired isomorphism. By Lemma 2.3, it is an embedding of A in T (A). Moreover, being A a PMV-algebra, for any n ∈ N
Let now y be an element of T (A), with y = ǫ n (a), for some n ∈ N and a ∈ T n (A) ⊆ A. Then a = ǫ 1,n (a) and y = ǫ n (a) = ǫ n (ǫ 1,n (a)) = ǫ 1 (a), that is, ǫ 1 is surjective.
It remains to show that ǫ 1 is a homomorphism of PMV-algebras. By defini-
Remark 2.4. A first attempt to make this construction in the general case can be found in [25] . The main proof was based on [19, Theorem 4.11] , which turned out to contain a mistake and in this paper we correct it for the semisimple case.
We urge the interested reader to consult [22, Remark 3.1] for a detailed account of the problem, which is mainly related to our impossibility to prove the scalar extension property in the non-semisimple case.
Categorical settings
In this section we complete the internal square of Figure 1 , and finally connect all MV-algebraic structures involved in this work, via adjunctions.
From semisimple MV-algebras to unital and semisimple PMV-algebras
We define a functor T : MV ss → uPMV ss as follows (i) for any A ∈ MV ss , T(A) is the tensor PMV-algebra T (A). By Proposition 2.2 it is a unital and semisimple PMV-algebra.
(ii) for any homomorphism of MV-algebras h : A → B, T(h) is the homomorphism of PMV-algebra h ♯ defined in Corollary 2.2.
From uPMV ss to MV ss we have the usual forgetful functor U (·) .
Lemma 3.1. T is a functor.
Proof. Denoted by I A and I T(A) the identity map on A and T(A) respectively, it is easy to check that
. Let h : A → B and g : B → C be homomorphisms of MV-algebras. We have
♯ and T is a functor. Proof. Let h : A → B be an homomorphism of MV-algebras. We need to prove Proof. In order to prove that T is left adjoint functor of U (·) , we need to prove that for any unital and semisimple PMV-algebra P and any homomorphism of MV-algebras f : A → U (·) (P ), with A ∈ MV ss , there exists a homomorphism 
From semisimple Riesz MV-algebras to unital and semisimple f MV-algebras
We define a functor F T : RMV ss → ufMV ss as follows (i) for any R ∈ RMV ss , F T (R) is the tensor PMV-algebra T (R). By Theorem 2.2 it is a unital and semisimple f MV-algebra.
(ii) for any homomorphism of Riesz MV-algebras h :
It is an homomorphism of f MV-algebras by [11, Corollary 3.11] .
From ufMV ss to RMV ss we have the usual forgetful functor U (·) . Proof. It is similar to the proofs of Lemma 3.1, Lemma 3.2 and Theorem 3.1.
Closing the circle
In Section 1.2 we have described the following adjunctions: A direct proof can be found in [20] . Proof. We give the complete proof for uPMV ss . Let A, B, Z be unital and semisimple PMV-algebras such that Z embeds in both A and B, with embeddings z A and z B . We have to prove that there exists a unital and semisimple PMV-algebra E such that both A and B embed in E, with embeddings f A and
We consider the MV-algebra reducts of A, B and Z. By Since A and B are unital and commutative, the corresponding f -rings are Archimedeans. By [8, 17] , any homomorphism of ℓ-groups between Archimedean f -rings commutes with the product, then f A and f B are homomorphism of PMV-algebras.
The proofs for ufMV ss and RMV ss are similar: we shall further embed 
From MV-algebras to ℓu-groups
In what follows, we transfer the results of the previous sections to groups and we define the tensor fu-ring of an Archimedean ℓu-group, by categorical equivalence. We first remark the following. 2) If R and S are unital and Archimedean ℓu-rings, R ⊗ a S is a unital and Archimedean ℓu-ring.
3) If V is a unital and Archimedean fu-algebra and R is a unital and Archimedean ℓu-ring, V ⊗ a R is a unital and Archimedean fu-algebra.
Let Λ be the inverse functor of Γ and Λ * be the inverse functor of Γ * , with * ∈ {·, R, f }. For the detailed construction of Λ, we refer to [7] . Definition 4.1. Let (G, u) an Archimedean ℓu-group, A = Γ(G, u) is a semisimple MV-algebra and T (A) is its tensor PMV-algebra, which is unital and semisimple.
(R, v) = Λ (·) (T (A)) will be the unital and Archimedean tensor fu-ring of (G, u) and will be denoted by T (G, u).
Let us remark that ⊗ a is associative by Theorem 1.3 and Corollary 2.1. Hence,
By categorical equivalence, any embedding ǫ n,m extend to an embedding
and any embedding ǫ n,A extends to an embedding
Indeed, it satisfies the following universal property:
for any f-ring (T, w) and any homomorphism f : (G, u) → (T, w) there exists
Proof. For any f -ring (T, w) and any collection of maps δ n : Figure 6 . Universal property.
The existence of f follows by the construction of T (A) as direct limit and by categorical equivalence, therefore (T (G, u), ǫ n,G ) is the direct limit of the direct system (T n (G, u), ǫ n,m ). Figure 7 . From ℓu-groups to fu-algebras.
Moreover, applying the converses of the functors Γ and Γ (·) , (T, U (·) ) extends to (T a , U ·ℓ ). This is an adjunction between auG a and uR a . Applying the converses of the functors Γ (R) and Γ f , (F T , U (·) ) extends to (F Ta , U ·ℓ ). This is an adjunction between uRS a and fuAlg a .
Remark 4.1. If (G,u) is an Archimedean ℓu-group, we can say that T a (G, u)
is the Archimedean tensor f-ring of (G, u) and F ⊗a (T a (G, u)) is Archimedean tensor f-algebra of (G, u).
Finally, the below diagram - Figure 8 -adds the missing adjunctions to Figure 1 . Figure 8 . The complete commutative diagram.
The following result is a straightforward consequence.
Corollary 4.1. uR a , fuAlg a and uRS a have the amalgamation property.
Proof. It is easily deduced from Proposition 3.1 and the Γ-type categorical equivalences.
Description of free objects
We close this paper providing a characterization of the free PMV-algebra, of the free f MV-algebra and of the free Riesz MV-algebra. We recall that the standard More precisely, for any n ≥ 1, assume X = {x 1 , . . . , x n } and let T erm n be the set of terms with variables from X in the language of PMValgebras. We denote by F ree P MV (n) the free PMV-algebra in HSP([0, 1] P MV )
with n free generators. It follows that F ree P MV (n) = { t | t ∈ T erm n , t : [0, 1] n → [0, 1] is the term function of t}.
Since F ree P MV (n) is a subalgebra of [0, 1]
[0,1]
n it follows that F ree P MV (n) is unital and semisimple.
Let F ree MV (n) and F ree RMV (n) be the free MV-algebra and, respectively, the free Riesz MV-algebra over n generators. Let F ree fMV (n) be the free f MValgebra over n generators in HSP([0, 1] f MV ), the variety of f MV-algebras generated by [0, 1] . See more details in [7, 29, 11, 21] .
Proposition 5.1. For n ≥ 1, the following hold:
(ii) F ree P MV (n) ≃ T(F ree MV (n)), (ii) Assume P is a unital and semisimple PMV-algebra and f : X → P is a function, with |X| = n. Hence there is a unique homomorphism of MV-algebras f # : F ree MV (n) → U (·) (P ) which extends f . Being free algebras semisimple, Theorem 2.1 ensure that there exists a homomorphism of PMV-algebras f :
T (F ree MV (n)) → P such that f • ǫ 1,F reeMV (n) = f # . The uniqueness of f is a consequence of the uniqueness of f # . Since ǫ 1,F reeMV (n) is an embedding we have X ≃ ǫ 1,F reeMV (n) (X) and T (F ree MV (n)) is the free object in uPMV ss .
Being F ree P MV (n) an object in uPMV ss , we entail that T (F ree MV (n) ≃ F ree P MV (n).
(iii) It follows from (ii), [22, Proposition 5 .1] and Theorem 3.3 with similar arguments.
